In this work we have constructed axially symmetric vacuum solutions of the gravitational field equations in a Randall-Sundrum brane. A non-null effective cosmological constant is considered, and asymptotically de Sitter and anti-de Sitter spacetimes are obtained. The solutions describe rotating black holes in a four-dimensional brane. Optical features of the solutions are treated, emphasizing the rotation of the polarization vector along null congruences.
I. INTRODUCTION
Black holes are important objects in the theory of general relativity and in theories of modified gravity. Recently, strong observational indications of black holes have been pointed out, for instance, in the centers of galaxies [1] . Among the black hole types, those with axial symmetry are considered more realistic. The most important solution with this symmetry is the Kerr metric, published in 1963 [2] . The Kerr geometry is asymptotically flat, and its anti-de Sitter (AdS) and de Sitter (dS) generalizations were made in 1968 by Carter [3] . The latter case, the dS solution, is more appropriate, for instance, to model a black hole in an expanding universe. Observations published since 1998 [4] suggest that our Universe is dominated by an accelerated expansion, described in the ΛCDM model by effect of a positive cosmological constant. On the other hand, AdS solutions have been used in the so-called AdS correspondence [5] . In this work, we are interested in axially symmetric solutions in a related context: the brane world scenario.
Brane world models have been studied since the 1990s (see the reviews [6, 7] , for instance). In the model presented by Arkani-Hamed, Dimopoulos, and Dvali (ADD) [8] , and in several approaches proposed later, the braneour Universe-is embedded in a (4 + d)-spacetime called bulk. The d extra dimensions are compact, and all fields are confined on the brane. In preliminary calculations, the authors have stressed that for d > 1 the extra dimensions have radii in the millimeter scale. One basic motivation for the ADD model was to solve the hierarchy problem, which is the difference between the electroweak scale (∼ TeV) and the 4-dimensional Planck scale (∼ 10
16 TeV). According to this model, the electroweak scale is the fundamental scale, and the (4+d)-dimensional Planck scale has the same order. Another option to solve the hierarchy problem was the so-called RandallSundrum brane model. The ADD picture evolved to scenarios where the extra dimension can be unbounded.
In the first Randall-Sundrum model (RS-I) [9] , the hierarchy problem was considered with the introduction of a warp factor in the bulk metric. In this case, the bulk is described by a five-dimensional AdS spacetime, which has two 3-branes as boundaries (our Universe and a hidden universe). The extra dimension is compact and it has finite radius. Like the ADD model, in the RS-I the five-dimensional Planck scale is the electroweak scale. On other hand, the second Randall-Sundrum model (RS-II) [10] adopts only a single 3-brane; in this case the extra dimension radius is infinity.
One way to construct compact solutions, black holes and wormholes for instance, in a Randall-Sundrum scenario, is to consider the four-dimensional effective gravitational field equations deduced by Shiromizu et al. [11] . These induced equations were obtained from GaussCodazzi equations in five dimensions. Assuming a brane world type model (the RS-II, for instance), the authors enforce a Z 2 symmetry in the bulk and obtain the 3-brane gravitational field equations, which involve brane quantities and bulk quantities. The complete solution (bulk plus brane) remains unknown in this approach. Still, Campbell-Magaard theorems [12, 13] guarantee the extensions of the brane solutions through the bulk, locally at least.
In this context, spherically symmetric solutions were studied. In Refs. [14, 15] , black hole and wormhole solutions were constructed, assuming a zero value for the cosmological constant in the brane. In Ref. [16] , these solutions were generalized considering a negative value to the cosmological constant in the brane, and asymptotically anti-de Sitter black holes and wormholes were found. In the same context, wormhole solutions in an asymptotically de Sitter brane were obtained in Ref. [17] . Other constraints of interest were considered in Refs. [18] [19] [20] [21] [22] .
Solutions with axial symmetry were derived in Ref. [23] , where induced equations by Shiromizu et al. were used. In Ref. [24] , Aliev and Gümrükçüoglu, from other effective field equations [25] , obtained an asymptotically flat metric with axial symmetry using the KerrSchild ansatz. Assuming a 3-brane vacuum, these authors have shown the presence of an induced Colombian type charge in the four-dimensional metric.
This charge-a tidal charge-can be interpreted as the bulk's influence on the brane.
Exploring the spacetimes obtained here, we have studied optical features of the solutions constructed. Following Pineault and Roeder's work [26] , we have used the Newman-Penrose formalism [27] adapted to the locally nonrotating frames [28] to obtain the rotation of the polarization vector of the light in the geometrical optics regime. A geometrical optics description is appropriate for high frequency electromagnetic waves. In this approach, the light propagates along null geodesics and its polarization vector is parallelly transported. Once again, the results show that the bulk's influence on the brane is described by a tidal charge.
The structure of this paper is presented in the following. In Sec. II we derive asymptotically de Sitter and anti-de Sitter solutions with axial symmetry which satisfy specified conditions on the brane. In Sec. III, the presented spacetimes are explored, with applications involving geometrical optics. In Sec. IV final comments are made. In Appendix A the geodesics equations, used in our work, are indicated; and in Appendix B, important quantities for the calculations in the locally nonrotating frame are showed.
In this work we have used the metric signature diag (− + ++) and the geometric units G 4D = c = 1, where G 4D is the effective four-dimensional gravitational constant. Greek indices are tensor indices (run from 0 to 3); Latin indices indicate tetrad components (run from 1 to 4).
II. ROTATING SOLUTIONS ON THE BRANE
The effective four-dimensional gravitational field equations projected on the brane, considering a RandallSundrum type model, were deduced by Shiromizu et al. in [11] , where one brane and a five-dimensional AdS bulk with Z 2 symmetry were used. For these authors, the induced vacuum field equations on the brane are
where G µν is the four-dimensional Einstein tensor associated with the brane metric g µν , Λ 4D is the fourdimensional brane cosmological constant, and E µν is proportional to the (traceless) projection on the brane of the five-dimensional Weyl tensor. The vacuum field equations (1) reduce to vacuum Einstein equations in the low energy limit.
A combination of the effective Einstein equations (1) written without specifying E µν is the trace of Eq. (1):
To solve Eq. (2) in both dS and AdS scenarios, we assume axial symmetry in the brane. Following [24] , we use the Kerr-Schild-(A)-dS ansatz [29] 
where ds 2 Λ indicates the AdS or dS metric, H is a function of r and θ, and l µ represents a null vector field. In the (τ, r, θ, φ) coordinate system, Eq. (3) can be written as
and
where
Substituting Eqs. (4)- (5) into Eq. (3), we have a partial differential equation for the H function, that is,
From Eq. (2), Eq. (7) can be written as the homogeneous equation
This equation has the following general solution:
where the parameters M and q are constants of integration. Physical interpretations for these constants will be introduced with the Boyer-Lindquist coordinates. The expression in Eq. (9) has the same form of the analogous null Λ 4D result, obtained in [24] . The tensor E µν , which can be interpreted as an effective stress energy tensor in the context of the general relativity with the usual Einstein equations, satisfies by construction the condition E µ µ = 0. Its explicit form is given by
It should be stressed that, in a brane world context, we assume vacuum in the four-dimensional hypersurface.
The quantity E µν is understood as a geometric component in Eq. (1); it is the part of five-dimensional Weyl tensor projected on the brane. In this setting, E µν expresses the bulk influence on the brane.
In the Boyer-Lindquist coordinates the structure of the spacetime is seen more clearly. Event and Killing horizons are immediately pointed out with this chart. After making the transformations
where we define
the metric (3) takes the familiar form
This metric has the same form of the the Kerr-Newman-(A)-dS metric in the general relativity context. In the Boyer-Lindquist coordinates the constant q plays the role of a Colombian charge. However, there are neither electric or magnetic fields on the brane. The field equations in (1) assume a vanishing stress energy tensor on the brane. In this sense, the origin of q is the five-dimensional spacetime, the bulk. The constant q is an induced charge on the brane, a tidal charge, encoding the bulk's influence on the brane. In this brane world context, q can assume either positive or negative values. As will be seen in the following, the negative q case amplifies the gravitational effects on the brane. The constant M , in the asymptotically flat solution, is the conserved quantity recognized as mass (see for example [30, 31] ). We observe that the metric functions in Eq. (17) diverge as ∆ r → 0, ∆ θ → 0, and Ξ → 0. The behavior of the Kretschmann scalar in this limit shows that there is a curvature singularity with r → 0 and cos θ → 0. That is,
The condition ∆ θ = 0 is not feasible in the dS case (Λ 4D > 0). The expression in (18) indicates that the divergence of the Kretschmann scalar with ∆ r → 0 is a coordinate system problem. In a convenient chart, such as the Kerr-Schild-(A)-dS for instance, the metric is regular. The spacetime equipped with the metric in (17) presents a ringlike singularity [32] .
Also from Eq. (17), we can find out the real positive roots of g rr , which provide the horizon radii. That is, from Eq. (16), the relevant condition is ∆ r = 0. The roots structure of the function ∆ r depends strongly on the sign of the effective cosmological constant. We will treat the two cases, Λ 4D < 0 and Λ 4D > 0, in the following.
A. Asymptotically anti-de Sitter geometry When Λ 4D < 0, that is, considering asymptotically anti-de Sitter spacetimes, and a < M , the function ∆ r has two real roots and two complex roots, since q min < q < q max (the values of q min and q max depend on a, M, and Λ 4D ). The real roots (r − , r + ) are associated with an internal Cauchy horizon and an external event horizon, respectively. The constant q is determinant on the location of these horizons, as illustrated in Fig. 1 . Negative values of q render roots larger than positive values and increase the bulk's influence on the brane, a point commented on also in [24] . The bulk's effects-geometrical effects-are amplified in this case. In this case, the spacetime structure seems like the KerrNewman-AdS structure. However, when q < q min , we have something different: ∆ r has only one root, according to Fig. 1 .
The metric in (17) is independent of t and ϕ, a result reminiscent of the existence of two Killing vector fields ξ t and ξ ϕ . In coordinate basis, ξ t = ∂/∂t and ξ ϕ = ∂/∂ϕ. The vector field ξ ϕ is spacelike, defining the axial symmetry. The norms of those vector are
A Killing horizon is the surface where the tangent Killing vector field is lightlike. Setting ξ 2 t and ξ 2 ϕ in Eqs. (19) and (20) to zero, we obtain the localization of the Killing horizons. For the Killing vector ξ t , the roots of ξ 2 t depend on a, M , θ, Λ 4D , and q. For values of q/M which allow us to have two roots for ξ 2 t , the spacetime is composed of five regions, divided by r-constant surfaces r = S + , r = r + , r = r − and r = S − with 0 < S − < r − < r + < S + < ∞ .
The surfaces r = S − and r = S + , in the maximal extension of the considered geometries, are Killing horizons. The important region between r = r + and r = S + is the ergosphere. In this region, the field ξ t becomes spacelike. In the case when q < q min there is only one root for (19) , and the spacetime structure is given by 0 < r + < S + < ∞.
Once again, the ergosphere is the region between r = r + and r = S + .
B. Asymptotically de Sitter geometry
With Λ 4D > 0, that is, considering asymptotically de Sitter spacetimes, we have at most three positive roots for the function ∆ r . Focusing on a < M , when q min < q < q max (where the values of q min and q max depend on a, M , and Λ 4D ), the function ∆ r indicates the existence of an internal horizon (r = r − ), an event horizon (r = r + ), and a cosmological horizon (r = r c ). Once again, negative values for q allow larger horizon radii. Another important feature is the relative size between r + and r − . Such a larger event horizon means a smaller cosmological horizon. This is a property from the Girard-NewtonViéte polynomial formulas. On the other hand, when q lim2 < q < q lim1 , where q lim1 and q lim2 depend on a, M , and Λ 4D , the function ∆ r has at most two real roots, r + and r c . In the latter case, as we will see, the ergosphere is absent. Finally, when q lim1 < q < q min , ∆ r has two real roots, and there is an ergosphere in this interval of parameters, as we will see in the following. In the asymptotically de Sitter geometry, there are at most three positive roots of ξ 2 t , which depend on a, M , θ, Λ 4D and q. Thus, we can divide the spacetime in six regions, separated by r-constant surfaces r = r c , r = S + , r = S i , r = r + , r = r − , r = S − with 0 < S − < r − < r + < S i < S + < r c .
The r = S − , r = S i and r = S + surfaces are Killing horizons from the Killing vector field ξ t . There is an important region between S i and S + , where the Killing vector ξ t becomes spacelike. Thus, considering Eq. (23), the ergosphere doesn't reach the event horizon. On the other hand, when q lim2 < q < q lim1 , the Killing vector field ξ t is timelike everywhere. Thus, there is no ergosphere for these values of q. However, when q lim1 < q < q min , the function ξ 2 t has two positive roots. The spacetime structure in this case is characterized by 0 < r + < S − < S + < r c .
The Killing vector field ξ t is timelike in 0 < r < S − and S − < r < r c ; and it is spacelike in the S − < r < S + region. The ergosphere does not reach the event horizon.
III. GEOMETRICAL OPTICS: ROTATION OF POLARIZATION VECTOR
In order to analyze possible effects of the extra dimensions in terms of measurable quantities, we focus on geometrical optics. The approach employed here was presented by Pineault and Roeder in [26] , where the Newman-Penrose formalism was used to calculate optical quantities in the weak-field approximation with a ≪ M . The equations which govern the tangent vector k µ (the wave vector) to the null congruence and the polarization vector f µ are
with the operator D denoting covariant derivative in the k µ direction. In the Newman-Penrose formalism [27] a null tetrad is adopted, {e aµ } = (m µ ,m µ , l µ , k µ ), with the vector m µ given by
The vector m µ is particularly relevant to the work developed here, as will be seen. An important feature of the formalism is that the k µ direction is preserved under null rotations as
with A > 0, B complex, and χ real. The NewmanPenrose formalism provides 12 constants, the spin coefficients, to the characterization of the spacetime. Some coefficients will be used to estimate the variation of the polarization vector.
As shown in [27] , when k µ is tangent to the null congruence the spin coefficient κ ≡ −Dk µ m µ is zero. Moreover, considering that the null tetrad must parallelly propagate along the null congruence, this assumption implies that another two spins coefficients vanish: ǫ = π = 0. Then, the plane spanned by k µ and a µ can be identified with the polarization plane, which is parallelly propagated in the k µ direction. That is, the polarization vector can be identified with the a µ vector of the Newman-Penrose formalism. From this, we can build an orthonormal frame
such that this tetrad corresponds to the one-forms ω (0) = e ν dt, ω (1) = e λ dr, ω (2) = e µ dθ, and ω (3) = (dϕ − Ωdt)e ψ of the locally nonrotating frame (LNRF) [28] 1 . For the metric in Eq. (17), the expressions for e ν , e λ , e µ , and e ψ are presented in the Appendix B. Therefore, if the source and the observer are at rest with the LNRF, they are rotating with the black hole. In [26] this construction was made, with the expression for the m (µ) + vector (i.e., a µ )-the projection of m µ on the LNRF-given by
, and k (µ) is the projection of k µ on the LNRF, according to Eq. (B1). A null rotation was performed
such that ǫ = 0. With this choice, and considering the form of the ǫ coefficient (ǫ ≡ Dm µm µ /2), it is shown that
Expression (33) indicates how the χ angle varies in the k µ direction, the congruence direction. This variation will be important to calculate the variation of polarization vector in that direction. Considering the metric presented in the previous section, we obtain
where the values of Γ (µ) (ν)(γ) and k (µ) were projected on the LNRF, shown in Appendix B. Using the results in Eqs. (B1) and (B2), Dχ is given, in first order in a, by
In the regime a ≪ M , we observe that Σ ≈ r 2 and
With the simplification in Eq. (36), we have
(37) The expression in Eq. (37) is associated with the variation between a (µ) and a
+ , according to the null rotation indicated in Eq. (32) .
The total variation of polarization vector, taking into account Eq. (37) and the spacetime dragging, is given by ∆ω = ∆χ + ∆ϕ .
The second term in the right side of Eq. (38) is due to the spacetime dragging. The first term is obtained with the integration of Dχ in Eq. (37) with the aid of the ψ coordinate (see [26] ), which plays the role of the azimuthal angle in the orbital plane of the null congruence. Moreover, a new angle was defined: α is the angle of the orbital plane with respect to the equatorial plane. That is, sin α = cos θ sin ψ, and Eq. (37) is reduced to
Concretely, we have studied two physical scenarios, illustrated in Fig. 3 . In the first case, the source is on the equatorial plane (θ = α = π/2), and the observer is on the plane with θ < π/2. Both the source and the observer are at a distance d from the symmetry axis. In the second case, the source and the observer are in the symmetry axis, r o > r s .
The source and the observer are modeled by timelike curves r = r s and r = r o , respectively. In both scenarios considered, we assume a ≪ M (small rotations), and small values for the cosmological constant Λ 4D . There is no azimuthal component in the photon trajectory, that is, Φ = 0 in the geodesic equations (A1)-(A4). Moreover, we have used the weak-field approximation. 
A. Source in the black hole equatorial plane
We first consider the first proposed scenario, where the source is on the equatorial plane, and the observer is on the plane with θ < π/2 (see Fig. 3, top panel) . Within the hypothesis assumed, we can write
which allows us to express Dχ ′ in Eq. (40) as
that iŝ
where Dχ ′ = k 1 dχ ′ /dr and k 1 = dr/dµ =ṙ (see Appendix A). Integrating Eq. (43), we have the variation between a (µ) and a (µ) + along the null congruence
This result, which is Λ 4D independent, is the same obtained in [26] , since q = 0, and
. Negative values of q amplify the variation between a (µ) and a (µ) + along the null congruence. The effect of dragging, ∆ϕ, is calculated using Eq. (B1), as ∆ϕ =ˆϕ
This result is the same obtained in [26] , since q = 0, Λ 4D = 0, E = 1, and r o → ∞ (∆ϕ = 2M a/d 2 ). In a simple example, when Λ 4D = 0, the metric (17) is asymptotically flat. Then we can assume E = 1 and r o → ∞, following Pineault et al. Thus the dragging, in this example, is ∆ϕ =ˆϕ
and the variation between a (µ) and a
+ along the congruence is
Consequently the variation of the polarization vector is, according to Eq. (38), in the first case, where observer and source are at a distance d from symmetry axis,
When q = 0, the bulk's influence is absent and we have the same result in Pineault-Roeder's work [26] . But in the brane world scenario, the existence of the tidal charge q implies the amplification of the gravitational effects when q < 0. In this case, the polarization vector is counter-rotating with respect to the spin of the black hole.
B. Source and observer in the symmetry axis
In the second case (see Fig. 3, bottom panel) , when the source and the observer are in the symmetry axis, d = 0 and we have ∆χ = 0 according to Eq. (35) . Then, Eq. (45) turns out to be ∆ω = ∆ϕ =ˆϕ
Again, setting q = 0 and Λ 4D = 0, with r o → ∞, we recover the Pineault-Roeder and Godfrey [33] results. In the more general case treated in this work, we observe that the gravitational effects are stronger when q < 0 and Λ 4D > 0.
IV. FINAL REMARKS
We have obtained vacuum solutions of the induced gravitational field equations, deduced by Shiromizu et al. [11] , with axial symmetry in a Randall-Sundrum brane world type scenario. In the present work, we have used the Kerr-Schild-(A)-dS ansatz to generate axially symmetric solutions on the brane with cosmological constant. Asymptotically de Sitter and anti-de Sitter spacetimes were constructed.
An important result in the solutions obtained is the presence of a tidal charge q. This real parameter can be positive or negative. For negative values of the tidal charge, the effects of the bulk on the brane are amplified. The characteristics of the Killing horizons are different compared to the four-dimensional Einsteinian gravity counterparts. The possibility of the negative values of q provides a mechanism which amplifies the gravitational effects on the brane.
In order to analyze possible effects of the extra dimensions in terms of measurable quantities, we have focused on geometrical optics. With these metrics we studied optical features of these geometries. In the geometrical optics regime, we used the Pineault-Roeder approach [26] to characterize the rotation of the polarization vector in the null congruence direction. Again, negative values of q amplify the results. Our work suggests that the analysis of the optical features of rotating black hole candidates might reveal a possible influence of extra dimensions in observable quantities.
Another interesting issue in this context is the study of gravitational radiation from astrophysical sources. According to the present work, a negative tidal charge enhances the value of certain physical observables. It is an open question, for instance, what is the influence of this negative charge is on the frequency and amplitude of gravitational waves for high values of rotation (a ≈ M ). In this regime, a strong gravitational wave emission from highly spinning black holes in compact binaries is expected. Signatures of such events might be detected by the current and upcoming gravitational wave observatories [34] [35] [36] . 
The components of the Riemann tensor in the same frame are R (t)(ϕ)(t)(ϕ) = −R (r)(θ)(r)(θ) = Q 1 , R (t)(ϕ)(r)(θ) = −Q 2 , R (t)(r)(t)(r) = − 1 1 − z Q 1 (2 + z) − q Σ 2 + Λ 4D , R (ϕ)(θ)(ϕ)(θ) = 1 1 − z Q 1 (2 + z) + q Σ 2 + Λ 4D , R (t)(r)(t)(θ) = R (ϕ)(r)(ϕ)(θ) = SQ 2 ,
